Abstract
I n t h i s d e r i v a t i o n , t h e wave f u n c t i o n i s not s p h e r i c a l l y averaged; t h e f i x e d -n u c l e i approximation i s n o t r e q u i r e d ; and t h e wave f u n c t i o n may have nodes a t t h e s i n g u l a r p o i n t s . I n a d d i t i o n t o t h e g e n e r a l t r e a t m e n t , t h e cusp c o n d i t i o n s f o r diatomic molecules a r e discussed i n t h r e e d i f f e r e n t c o o r d i n a t e systems.
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W e thus ld e f i n e t h e cusp c o n d i t i o n s as d e s c r i p t i o n s of t h e proper
behavior of 3 a t those s i n g u l a r p o i n t s .
For an N-electron atom i n t h e heavy-nucleus approximation,
Kato proved t h e following cusp c o n d i t i o n s :
%_-------* A l l s p i n dependence i s omitted u n t i l S e c t i o n V I .
Here, i s t h e d i s t a n c e between t h e c o a l e s c i n g p a r t i c l e s 1 and 2 ; i s averaged over a small sphere about t h e s i n g u l a r i t y ; and 'd i s a c o n s t a n t . A t a n e l e c t r o n -e l e c t r o n s i n g u l a r i t y , \(= & , while a t a n u c l e u s -e l e c t r o n s i n g u l a r i t y , $ = -Z. Here Z i s t h e n u c l e a r charge. S t e i n e r 3 has a l s o derived t h e cusp c o n d i t i o n s on t h e p r o b a b i l i t y d e n s i t y of an N-electron atom. H i r s c h f e l d e r has presented a method f o r removing e l e c t r o n -e l e c t r o n s i n g u l a r i t i e s from t h e Hamiltonian, b u t i t h a s l i m i t e d a p p l i c a b i l i t y s i n c e t h e r e s u l t i n g Hamiltonian h a s a node 4 r i s n o t Ilernritian. I n our study, t h e cusp conditions a r e derived d i r e c t l y by I f s o l v i n g t h e Schrodinger equation where two p a r t i c l e s a r e very c c l o s e t o g e t h e r . The fixed-nuclei approximation and angular averaging a r e n o t required, and nodes i n 3 a r e allawed. Then, we consider t h e coalescence of three o r m o r e p a r t i c l e s and g e n e r a l i z e our two-particle r e s u l t s t o f i n d many-particle cusp c o n d i t i o n s which a r e s u f f i c i e n t t o i n s u r e removal of a l l s i n g u l a r i t i e s involved. No d i f f i c u l t y r e s u l t s from t h e i n c l u s i o n of s p i n i n the wave function.
Bingel has i n t e g r a t e d Kato's r e s u l t and removed t h e s p h e r i c a l average r e s t r i c t i o n by adding an angular dependent t e r m t o o b t a i n
The s a t i s f a c t i o n of t h e cusp c o n d i t i o n s should imp, rove an approximate wave function. Indeed, an approximate wave f u n c t i o n must s a t i s f y t h e cusp conditions t o give good v a l u e s f o r e i t h e r the charge d e n s i t y near t h e Coulomb s i n g u l a r i t i e s or t h e f i e l d g r a d i e n t ( Crc qi3 ). 
Derivation of t h e Cusp Conditions

I!
W e d e r i v e t h e cusp c o n d i t i o n s by expanding t h e Schrodinger equation about a s i n g u l a r p o i n t of t h e p o t e n t i a l , V. L e t u s begin by p u t t i n g t h e e q u a t i o n i n t o a form which s i m p l i f i e s t h e expansion. I n a space-fixed c o o r d i n a t e system t h e N -p a r t i c l e
Schrodinger e q u a t i o n i s
I 1
Eq. ( 4 ) i s i n atomic u n i t s : the d i s t a n c e s , rjj a r e i n u n i t s of t h e Bohr r a d i u s , t h e masses, mi t h e e l e c t r o n mass, and t h e charges, zL proton charge. Iet us focus a t t e n t i o n on p a r t i c l e s 1 and 2
(which could be any two of the t o t h e i r c e n t e r of mass, 6&= ( To consider Eq. (6) near t h e s i n g u l a r p o i n t , c;,so , l e t p a r t i c l e s 1 and 2 be w i t h i n an a r b i t r a r i l y small d i s t a n c e of each o t h e r (()sr,,& & ) be separated ( 6 4 4 ' r ,~ On t h i s i n t e r v a l , V ; z =~ i s t h e only s i n g u l a r p o i n t of V. I f we now examine Eq. (6) and r e t a i n e x p l i c i t l y only those p a r t s which w i l l be of lower order i n qz than 3 , i t i s c l e a r t h a t , but l e t a l l other p a r t i c l e s f o r a l l . t 5 i 6 3 w i t h 34j<N),
where O(em) implies terms of order n and higher i n Yiz .
To conveniently expand E , l e t rlz be expressed i n The p o i n t vuso order d i f f e r e n t i a l equation (10) . Therefore, Eq, (SO) must have a t Peast one s o l u t i o n of t h e form, is a r e g a l a r singular p i n t of t h i s second
21,1%
where uti,* 0 , i n general, It should be remembered are bounded, continuous functions of t h e positfans of t h e other p a r t i c l e s .
Nsw if we s u b s t i t u t e t h i s sum i n t o Eq. (IO)
and c o l l e c t powers Of 3~ 9
Due t o the l i n e a r independence of t h e powers of i n t e r v a l be zero, and we g e t e x p l i c i t e x p r e s s i o n s f o r two r e c u r s i o n r e l a t i o n s , c2 on t h e 05 Vi2 -L e , t h e c o e f f i c i e n t of each power must For t h e s p e c i a l c a s e of n = 0 , t h e cusp c o n d i t i o n s c a n .
The s a t i s f a c t i o n of t h e s e two r e l a t i o n s i n s u r e s t h a t both t h e Tiz
be w r i t t e n more simply. S e t t i n g , n = 0 i n Eq. (15) 
Diatomic Molecule Cusp Conditions I n t r e a t i n g diatomic molecules, i t i s convenient t o know t h e cusp c o n d i t i o n s i n a d d i t i o n a l c o o r d i n a t e systems. s e c t i o n we p r e s e n t t h e n u c l e u s -e l e c t r o n cusp c o n d i t i o n s i n conf oca1 e l l i p t i c c o o r d i n a t e s , i n t e r -p a r t i c l e coordinates, and s p h e r i c a l p o l a r c o o r d i n a t e s for t h e s p e c i a l c a s e of t h e N-electron, f i x e d -n u c l e i diatomic molecule. I n t h i s
14
A . Confocal E l l i p t i c ( P r o l a t e Spheroidal) Coordinates The cusp c o n d i t i o n s can be obtained i n d i f f e r e n t c o o r d i n a t e systems by making a change of v a r i a b l e s i n Eq. (15). i n t h e case of c o n f o c a l e l l i p t i c c o o r d i n a t e s , i t i s simpler t o d e r i v e t h e cusp c o n d i t i o n s d i r e c t l y . i s s i m i l a r t o t h a t given i n the previous s e c t i o n , we p r e s e n t only a summary of t h e r e s u l t s .
However, , and Td
Because t h e d e r i v a t i o n
II
W e f i r s t w r i t s t h e e l e c t r o n i c Schrodinger e q u a t i o n i n confocal e l l i p t i c c o o r d i n a t e s and then expand
Here 06 a d e a r e t h e two nuclei, R i s t h e i n t e r n u c l e a r d i s t a n c e , and , and E(<vij f o r a l l i and j 5 b u t any R ). Then, i n t h i s region, f,=l, -y,=-l i s t h e only s i n g u l a r p o i n t of V. I f w e w r i t e e x p l L c i t l y , b u t l e t t h e o t h e r e l e c t r o n s be
only those p a r t s of Eq. (20) whleh w ' l l l be of h w e r order i n e t h a n , we f i n d t h a t -2
Eq. ( 2 2 ) i s separable on our r e g i o n , W e l e t ~=~(~, ) N~~~( and o b t a i n t h e following t h r e e e q u a t i o n s :
Here mz and A a r e s e p a r a t i o n c m s t a n t s . But i f n = 0, then 3 has a cusp which i s described by H e r e t h e n %-A corresponding e q u a t i o n a t f' = O i s obtained by i n t e r c h a n g i n g
Z I t h e cusp c o n d i t i o n s i n confocal e l l i p t i c c o o r d i n a t e s can b e w r i t t e n i n t h e s i m p l e d i f f e r e n t i a t e d forms
Consider t h e example used i n -----' P e ( and ,@ in. Eq. ( 3 3 ) .
I ,
II
. p a r t B above. Slcce t h e n u c l e i are fixed, ve t a k e t h e i n t e r n u c l e a r axis t o be t h e z axis i n Eq. (17) and flnd t h a t
We n o t e t h a t 3 However, for a fixed-nucleus atom, 6 can always be chosen i n v a r i a n t t o i n v e r s i o n of t h e coordinates (even p a r i t y ) . Then, Cusp Conditions a t t h e Coalescence of M P a r t i c l e s
Since t h e Coulomb p o t e n t i a l i s a t w o -p a r t i c l e p o t e n t i a l , it i s c l e a r t h a t i f a n N -p a r t i c l e wave f u n c t i o n s a t i s f i e s t h e Thus w e a r e a b l e t o c o n s t r u c t wave f u n c t i o n s which s u f f i c e t o remove t h e s i q g c i s z f t i e s but do n o t n e c e s s a r i l y have %he same form a s t h e e x a c t sDlution.
V I . I n c l u s i o n 3f Spin
The N -p a r t i c l e wave f u n c t i o n discussed i n t h e previous s e c t i o n s i s a s p a t i a l wave f u n c t i o n w i t h no s p i n dependence. I n a d d i t i o n , n.o c o n s i d e r a t i o n was given t o t h e P a u l i P r i n c i p l e .
I n order t o b e p h y s i c e l l 7 a c c e p t a b l e , wave f u n c t i o n s must be e i g e n f u n c t i m s G f sZin, p r a p e r l y symmetrized w i t h r e s p e c t t o 2,15 interchange o € p a r t i c l e s . However, it has been shown
